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1 Exercises



1.1 The following are the state diagrams of two DFAs, M; and Ms. Answer
the following questions about each of these machines.

Figure 1: M; and M,

(a) What is the start state?
M :q
M ¢
(b) What is the set of accept states?
M : {g2}
M : {qs}
(c) What sequence of states does the machine go through on input
aabb?
Mitqp—=q@—=@G—qa—aq
My:qn = 2= s = qa = @
(d) Does the machine accept the string aabb?
M : No
My : Yes
(e) Does the machine accept the string €?
M : No
Ms : No

1.2 Give the formal description of the machines M; and M, pictured in
Exercise 1.1.

M, =(Q,%1,61,q1,{¢2})
Q= {CI17€I2793}



¥ ={a,b}
(51 = {((QD CL), QQ)a <<Q1’ b)> Q1)> ((QQ7 a)? Q3>7 ((q2> b)? Q3)? ((Q37 a), QQ)’ ((Q37 b)> C]l)}

M2 = (Qa 227527(]17 {Q4}>
Q= {Q1,Q27Q3,Q4}
E2 - {(l, b}

62 = {((q1,a),q1), ((q1,)), 42), (g2, @), g3); ((q2,b); qa),
((Q3v a)? QZ)> ((Q?n b)a ql)? (((]4, CL), Q3)7 ((C]4, b)7 Q4)}

1.3 The formal description of a DFA M is {q1, ¢2, ¢3, q4, g5 }, {u, d}, 0, q3,{q3},
where ¢ is given by the following table. Give the state diagram of this
machine.

qi | @1 42
92 | 41 g3
g3 | 92 d4
44 | 43 G5
g5 | 44 G5

1.4 Each of the following languages is the intersection of two simpler lan-
guages. In each part, construct DFAs for the simpler languages,then
combine them using the construction discussed in footnote 3 (page 46)
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to give the state diagram of a DFA for the language given. In all parts,
¥ ={a,b}.

(a) {w|w has at least three a’s and at least two b’s}
DF A, for at least three a’s:

b b b a,b

DF A for at least three a’s and at least two b’s:

b b
—0O0——0 b
a a a
b b
O—0 b
a a a
b b
O—0 b
a a a
b b

O— a,b

(b) {w|w has exactly two a’s and at least two b’s}

DF A, for exactly two a’s:

b b b a,b
O O-0+0



DF A, for at least two b’s:

a a a,b
OO0

DF A for exactly two a’s and at least two b’s:

b b
—O—0 b
a
b
O—— b
a
b
O——( b
a
b b

O O Ooa,b

(¢) {w|w has an even number of a’s and one or two b’s}

DF A, for an even number of a’s:

DF A for an even number of a’s and one or two b’s:



(d) {w]w has an even number of a’s and each a is followed by at least one b}

DF A, for an even number of a’s:

DF A for an even number of a’s and each a is followed by at least
one b:




(e) {w|w starts with an a and has at most one b}
DF A, for starts with an a:

DF A, for has at most one b:

OEn O

DF A for starts with an a and has at most one b:

(f) {w|w has an odd number of a’s and ends with a b}
DF A, for an odd number of a’s:



DF A, for ends with a b:

a b
b

O

DF A for an odd number of a’s and ends with a b:

(g) {w|w has even length and an odd number of a’s}
DF A, for even length:

a,b

oOMme

DF A, for an odd number of a’s:

b b

a

OO

DF A for even length and an odd number of a’s:

1.5 Each of the following languages is the complement of a simpler lan-
guage. In each part, construct a DFA for the simpler language, then
use it to give the state diagram of a DFA for the language given. In all
parts, ¥ = {a, b}.



(a) A = {w|w does not contain the substring ab}
A = {w|w contains the substring ab}

b a CL,b

OO+
Figure 2: A and A

(b) B = {w|w does notcontain the substring baba}
B = {w|w contains the substring baba}

Figure 3: B and B

(¢) C = {w|w contains neither the substrings ab nor ba}

C = {w|w contains the substring ab or ba}



Figure 4: C and C

(d) D = {w|w is any string not in a*b*}

D = {w|w is any string in a*b*}

a b a,b
OO C
a b a,b
b a

Figure 5: D and D

(e) E = {w|w is any string not in (ab*)*}
E = {w|w is any string in (ab*)*}

e assuming ab™ means a followed by one or more b.

00 A

Figure 6: E and E
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e assuming ab™ means ab one or more times.

Figure 7: E and E

(f) F = {w|w is any string not in a* U b*}
F = {w|w is any string in a* U b*}

a b a,b

O+ 0O~C

6528

Figure 8: F and F

= W|w 1S any Sstrin a oesn t contaln exac WO a S
(g) G = {w|w is any string that doesn’t contai tly two a’s}

G = {w|w is any string that contains exactly two a’s}
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Figure 9: G and G

(h) H = {w|w is any string except a and b}
H = {w|w is string a or b}

a,b

a,b a,b

—

a,b

Figure 10: H and H

1.6 Give state diagrams of DFAs recognizing the following languages. In
all parts,the alphabet is {0,1}.

(a) {w|w begins with a 1 and ends with a 0}

1 0 0,1
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(b) {w]w contains at least three 1's}

1 0 0,1

(d) {w]w has length at least 3 and its third symbol is a 0}

0,1

0,1 m 0,1
@ N 0,1

(e) {w|w starts with 0 and has odd length, or starts with 1 and has even length}
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(i) {w] every odd position of w is a 1}
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(k) {e,0}
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(1) {w|w contains an even number of 0’s, or contains exactly two 1’s}

(m) The empty set

O

(n) All strings except the empty string

0,1

0,1
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1.7 Give state diagrams of NFAs with the specified number of states rec-
ognizing each of the following languages. In all parts, the alphabet is
0,1.

(a) The language {w|w ends with 00} with three states

0,1

OO0

(b) The language of Exercise 1.6¢ with five states

(c) The language of Exercise 1.6] with six states

(d) The language {0} with two states
OO0
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(e) The language 0*1*0+ with three states

0 1 0
O &%&
(f) The language 1*(001+)* with three states

1

(g) The language € with one state

@

(h) The language 0* with one state

0

1.8 Use the construction in the proof of Theorem 1.45 to give the state
diagrams of NFAs recognizing the union of the languages described in:

(a) Exercises 1.6a and 1.6b
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(b) Exercises 1.6¢ and 1.6f

1.9 Use the construction in the proof of Theorem 1.47 to give the state
diagrams of NFAs recognizing the concatenation of the languages de-
scribed in

(a) Exercises 1.6g and 1.61.
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(b) Exercises 1.6b and 1.6m.

0 0 0,1
1&1()1(56030’1

1.10 Use the construction in the proof of Theorem 1.49 to give the state
diagrams of NFAs recognizing the star of the languages described in

(a) Exercise 1.6b.

(b) Exercise 1.6;.
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1.11

1.12

(c) Exercise 1.6m.

@%0,1

Prove that every NFA can be converted to an equivalent one that has
a single accept state.

It is enough to show that every NFA can be converted to an equivalent
one that has a single accept state and no transitions into the accept
state. Let N = (Q,%,0,q0, F) be an NFA. We construct an NFA
N = (QU{¢s}, X,0", qo, {qr}) where ¢’ is the same as ¢ with additional
transitions: for each ¢ € F 0'(q,e) = {qr}. It is clear that L(N) =
L(N’) and that N’ has a single accept state. Therefore, every NFA can
be converted to an equivalent one that has a single accept state.

Let
D = {w|w contains an even number of a’s and an odd number of b’s

and does not contain the substring ab}

Give a DFA with five states that recognizes D and a regular expression
that generates D. (Suggestion: Describe D more simply.)
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D = {w|w contains odd number of b’s followed by even number of a’s}

The regular expression that generates D is b(bb)*(aa)*.
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1.13

1.14

Let F be the language of all strings over {0, 1} that do not contain a
pair of 1s that are separated by an odd number of symbols. Give the
state diagram of a DFA with five states that recognizes F. (You may
find it helpful first to find a 4-state NFA for the complement of F'.)
blab

F = {w|w contains a pair of 1’s that are separated by an odd number of symbols}

Figure 11: NFA with four states that recognizes F

(a) Show that if M is a DFA that recognizes language B, swapping the
accept and nonaccept states in M yields a new DFA recognizing
the complement of B.Conclude that the class of regular languages
is closed under complement.

Every state in DFA has a transition for every symbol in the al-
phabet. For every possible word, the DFA will end up in either
an accept state or a nonaccept state. If we swap the accept and
nonaccept states in M, the new DFA will accept the complement
of the language B.

(b) Show by giving an example that if M is an NFA that recognizes
language C, swapping the accept and non-accept states in M
doesn’t necessarily yield a new NFA that recognizes the comple-
ment of C. Is the class of languages recognized by NFAs closed
under complement? Explain your answer.
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0,1

Figure 12: example NFA

0
O
Figure 13: example NFA with changed states acceptance

NFA accepts a string if there is at least one path that leads to
an accept state. If we swap the accept and non-accept states in
M, the new NFA will not necessarily accept the complement of
the language C'. The class of languages recognized by NFAs is not
closed under complement.

1.15 Give a counter example to show that the following construction fails to
prove Theorem 1.49, the closure of the class of regular languages under
the star operation. Let Ny = (Q1, %, d1, ¢1, F1) recognize A;. Construct
N = (Q1,%,9,q, F) as follows. N is supposed to recognize Aj.

(a) The states of N are the states of Nj.

(b) The start state of N is the same as the start state of Nj.

(¢) F={q}UF.
The accept states F are the old accept states plus its start state.

(d) Define ¢ so that for any ¢ € @ and any a € X,

5(q, a) = 01(q,a) qg¢ Frora#e
’ 0(q,a) U{q:} q€ Fyand a=ce.

(Suggestion: Show this construction graphically, as in Figure 1.50.)
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Figure 14: NFA N;

Figure 15: construction of NFA N;

Figure 16: counter example of NFA Ny

1.16 Use the construction given in Theorem 1.39 to convert the following
two nondeterministic finite automata to equivalent deterministic finite
automata.
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@ "

a,b b

Figure 17: NFA A

(a) A= (Q/>E>5/> {1}>F/)
Q" ={0.{1},{2},{1,2}}
Y ={a,b}
F =), 01,2}

a,b

Figure 19: NFA B
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(b) B =(Q,%,0" {1}, F)
Q" ={0.{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}
Y. ={a,b}
Fr={{2},{1,2},{2,3},{1,2,3}}

Figure 20: DFA B’

1.17 (a) Give an NFA recognizing the language (01 U001 U 010)*

Figure 21: NFA recognizing the language (01 U 001 U 010)*

(b) Convert this NFA to an equivalent DFA. Give only the portion of
the DFA that is reachable from the start state.
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Figure 22: DFA recognizing the language (01 U001 U 010)*

1.18 Give regular expressions generating the languages of Exercise 1.6.
(a) {w|w begins with a 1 and ends with a 0}
1370
(b) {w|w contains at least three 1's}
DRI DI DN
(¢) {w|w contains the substring 0101}
¥*0101%"
(d) {w|w has length at least 3 and its third symbol is a 0}
0%
(e) {w|w starts with 0 and has odd length, or starts with 1 and has even length}
0(E8)* U IN(D%)
(f) {w|w doesn’t contain the substring 110}
(0U10)*(1U 111" U€) = (0U 10)*1*

in details:

Figure 23: DFA that recognizes the language
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Figure 25: GNFA - removed state D

Figure 26: GNFA - removed state C
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Figure 27: GNFA - removed state B

(0 U 10)*(1 Ulll*eU e)
—{ start acc

Figure 28: GNFA - removed state A

(g) {w|the length of w is at most 5}
(eUO0UL)(eUOUL)(eUOUL)(eUOUL)(eUOUL)
(h) {w|w is any string except 11 and 111}
cU0X*U1lU10X* U 110X U 11102 U 1111%”
(i) {w] every odd position of w is a 1}
1(2)1)°
(j) {w|w contains at least two 0’s and at most one 1}
00*0 U 100"0 U 00*10*0 U 000*1
(k) {e,0}
P*uo
(1) {w|w contains an even number of 0’s, or contains exactly two 1’s}
(1*01*01*)* U 0*10*10"
(m) The empty set
10
(n) All strings except the empty string
DI
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1.19 Use the procedure described in Lemma 1.55 to convert the following
regular expressions to nondeterministic finite automata.

(a) (0U1)*000(0U 1)*

Figure 30: (0U 1)*000(0 U 1)*

(b) (((00)*(11)) U 01)*

€
€ 0 0 € 1 1

Figure 31: ((00)*(11))

31



Figure 32: ((00)*(11)) U 01

Figure 33: (((00)*(11)) U 01)*

O

1.20 For each of the following languages, give two strings that are members
and two strings that are not members—a total of four strings for each
part. Assume the alphabet ¥ = {a, b} in all parts.

(a) a*b*
Members | Not Members
€ bbba
ab abab
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(b) a(ba)*b

(c) a*Ub*

(d) (aaa)*

(e) L*aX*by*ax*

(f) aba U bab

(g) (eUa)b

(h) (aUba U)X

Members | Not Members

ab b
aabababb aaab
Members | Not Members

aaa ab

bbbb baba
Members | Not Members

€ b

aaaaaa aa
Members | Not Members

aba aaaaq
ababbbb bb
Members | Not Members

aba ababab

bab abb
Members | Not Members

b €

ab aaba
Members | Not Members

aa bbaa

bbb abb
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1.21 Use the procedure described in Lemma 1.60 to convert the following
finite automata to regular expressions.

(a) b(a)*bUa*

(b) a(a* Ubb)aUb(a* Ubb)a
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1.22 In certain programming languages, comments appear between delim-
iters such as /# and #/.Let C be the language of all valid delimited
comment strings. A member of C' must begin with /# and end with #
/but have no intervening # /. For simplicity, assume that the alphabet
for C'is ¥ = {a,b,/, #}.

(a) Give a DFA that recognizes C.

/
a,b7# @

a7b7/7#

Figure 34: DFA recognizing C'

(b) Give a regular expression that generates C'.
[#(@UbU /U (#(aUD)))"#/

1.23 Let B be any language over the alphabet ..
Prove that B = BT iff BB C B.

Step 1

Assume B = BT

Let x € BB.

Then x = uv for some u,v € B.
Since B= B", u € B" and v € BT,
Therefore uv € B™T.

Since BT = B, uv € B.

Therefore BB C B.

Step 2
Assume BB C B.
Let x € B™.
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Then x = uv for some u,v € B.

Since BB C B, uv € B.

Therefore BT C B.

Since B C BT and BY C B then B = B™.
Therefore B = BT iff BB C B.

1.24 A finite state transducer (FST) is a type of deterministic finite au-
tomaton whose output is a string and not just accept or reject. The
following are state diagrams of finite state transducers 77 and T5.

(a) Ty on input 011

States Output
ql,ql,ql, ql 000

(b) 17 on input 211

States Output
ql, q2,q2,q2 111

(c¢) T on input 121

States Output
ql,ql, q2,q2 011

(d) Ty on input 0202

States Output
ql,ql,q2,q1,q2 | 0101

(e) Ty oninput b

States | Output
ql,q3 1

(f) Ty on input bbab

States Output
q1,93,42,¢3,¢2 | 1111
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(g) Ty on input bbbbbb

States Output
ql,q3,q92,q1,q93,q92,q1 | 110110

(h) Ty on input €

States | Output
ql €

1.25 Read the informal definition of the finite state transducer given in Ex-
ercise 1.24. Give a formal definition of this model, following the pattern
in Definition 1.5. Assume that an FST has an input alphabet ¥ and
an output alphabet I' but not a set of accept states. Include a formal
definition of the computation of an FST. (Hint: An FST is a 5-tuple.
Its transition function is of the form 6 : Q x ¥ — @ x I'.)

A finite state transducer is a 5-tuple (Q, %, d, qo, F'), where

() is a finite set called the states,
> is a finite set called the alphabet,

(a)
(b)
() §:Q x X — @ xI'is the transition and print function,
(d)
(e) F C (@ is the set of accept states.

qo € @ is the start state, and
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1.26 Using the solution you gave to Exercise 1.25, give a formal description
of the machines T} and 715 depicted in Exercise 1.24.

1.27 Read the informal definition of the finite state transducer given in Exer-
cise 1.24. Give the state diagram of an FST with the following behavior.
Its input and output alphabets are {0,1}. Its output string is identi-
cal to the input string on the even positions but inverted on the odd
positions. For example, on input 0000111 it should output 1010010.

1/0
0/1

(OO

1/1
0/0

1.28 Convert the following regular expressions to NFAs using the procedure
given in Theorem 1.54. In all parts, ¥ = {a, b}.

(a) a(abb)* Ub

Figure 36: NFA for a™ U (ab)™
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(c)

(@UbM)a™h
(aUbT)atb = (aUbb*)aa*b

Figure 37: NFA for (a Ub")a™b

1.29 Use the pumping lemma to show that the following languages are not
regular.

(a)
(b)
(c)

(a)

Ay = {07172°| 0 > 0}
Ay = {www| w € {a,b}*}

Az = {a*'| n > 0} (Here, a®" means a string of 2" a’s.)

Let p be the pumping length, and consider the string 0P1727. We
can pump one symbol at a time (0, 1 or 2) but it changes the num-
ber of symbols of that type. So, the string is not in the language.
Or we can pump two different symbols at a time (zeros and ones
or ones and twos) but the order of symbols will change.

Therefore, A; is not regular.

Let w be any string of length p with form a?~'ba?~'ba?~'b. We
can pump part of string with only one b, but it will change the
number of b’s in the string but number of b’s won’t be divided by
3. Therefore, Ay is not regular.

Choose s to be the string a®”. Because s is a member of Az and s
is longer than p, can be split into three pieces, s = zyz. |zy| > p.
Furthermore, p < 2P and so |y| < 2P. Therefore, |zyyz| = |xyz| +
ly| < 2P 4+2F = 2P |y| > 0 s0 2 < |zyyz| < 2PT!. The length of
xyyz cannot be a power of 2. Hence zyyz is not a member of As,
a contradiction.Therefore, A3 is not regular.

1.30 Describe the error in the following ”"proof” that 0*1* is not a regular
language. (An error must exist because 0*1* is regular.) The proof is
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by contradiction. Assume that 0*1* is regular. Let p be the pumping
length for 0*1* given by the pumping lemma. Choose s to be the string
0P17. You know that s is a member of 0*1*, but Example 1.73 shows
that s cannot be pumped. Thus you have a contradiction. So 0*1* is
not regular.

We can split s into three pieces, s = xyz with y contains only 0’s or
only 1’s. Then, we can pump y and the number of 0’s or 1’s will change.
Therefore, s isn’t good choice for pumping lemma 0*1* can be regular.
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2 Problems
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1.31

1.32

For any string w = wjws...w,, the reverse of w, written w®, is

the string w in reverse order, w, ...wsw;. For any language A, let
AR = {w® | w € A}. Show that if A is regular, so is AT

Let
D = {Q72757QO7F}
be DFA recognizes A. We will construct a NFA

DR - {QR7 27 5R7 q(})27 {qO}}

that recognizes AT,

QY = Q U {¢f'} where ¢l is new starting state connected with e-
edges/transitions to each accepting state of ) from F'

FE = {q} (starting state from D is accepting state of D)

0%(q,a) = {p | 6(p,a) = ¢}

and 6% (qlt e) = F.

0 0 0 1

Let 3 = { O,10f,|1{,...,[1 } . 23 contains all size 3 columns
0 1 0 1

of 0’s and 1’s. A string of symbols in 33 gives three rows of 0’s and 1’s.

Consider each row to be a binary number and let

B = {w € X} | the bottom row of w is the sum of the top two rows}.

O] (1] |1 0] (1
For example, |0| (0] |1| € B, but [0]| |0| ¢ B. Show that B is
11 [0f |0 11 |1

regular. (Hint: Working with B¥ is easier. You may assume the result
claimed in Problem 1.31.)

Let
0 0 0 1

0= (0] 1= 10 2= |1] ...7= |1| be shorthand notation for
0 1 0 1

each element of 3.
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1.33

0,1,2,3,4,5,6,7

Figure 38: DFA that recognizes Y3 = B

The DFA above recognizes BE. By Problem 1.31, B is regular.

Let ¥y = {{8} , E)] , [(1)] , [ﬂ } Here, > contains all columns of

0’s and 1’s of height two. A string of symbols in ¥y gives two rows
of 0’s and 1’s. Consider each row to be a binary number and let
C = {w € X} | the bottom row of wis three times the top row}. For

o T B

regular. (You may assume the result claimed in Problem 1.31.)

0 0 1 1
Let 0 = {O}’ 1 = [1}, 2 = {O}’ and 3 = [1] be shorthand nota-

tion for each element of >s.
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0,1,2,3

Figure 39: DFA that recognizes CF

The DFA above recognizes CF. By Problem 1.31, C' is regular.

1.34 Let ¥, be the same as in Problem 1.33. Consider each row to be a
binary number and let
D = {w € 3} | the top row of w is a larger number than is the bottom row}.

oo (] o 0

Show that D is regular.

0 0 1 1
Let 0 = [O}’ 1= [1 , 2 = [O}’ and 3 = [1] be shorthand nota-

tion for each element of ¥,
and assume that € ¢ D.

0,1,3 0,2,3
2
1

Figure 40: DFA that recognizes D

The DFA above recognizes D*. By Problem 1.31, D is regular.
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1.35 Let X5 be the same as in Problem 1.33. Consider the top and bottom
rows to be strings of 0’s and 1’s, and let
E = {w € ¥}| the bottom row of w is the reverse of the top row of w}.
Show that E is not regular.

01" [1] [o]”
rece=[of ] )
lel=2p+1>p
All possible divisions of e into xyz such that |zy| < p and |y| > 1 are

casone—ne- (5 ) () (7 BT

0<k<np.

o == () () (B (BTN -
(bl ) (] B o) ¢

Therefore, by pummping lemma, F is not regular.
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1.36 Let B, = {a*| k is a multiple of n}. Show that for each n > 1, the
language B, is regular.

Lets construct NFA accepting

For n = 2:

Figure 41: NFA recognicing B,

Figure 42: NFA recognicing B,

1.37 Let C,, = {x | x is a binary number that is a multiple of n}. Show that
for each n > 1, the language C), is regular.

Lets build DF A recognizing C:
DFAC = (Qaza(S?qO?F)

e Q=1{0,12,...,(n—1)}

e X =1{0,1}
o =0
. F={0)

¢ is defined as follows:

5(q',0) = 2q (mod n)
5(¢',1) = (2¢ + 1) (mod n) = (2¢ (mod n) + 1) (mod n)

where q is the integer part of ¢'.
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1.38

1.39

We build DFA recognizing C,, so C,, is regular.
Idea

1-th state represents integers which modulo from dividing by n is 1,
because n is multiple of n.

Figure 43: DF A¢ for n =4

0:mod4=0|1"modd4=1]2:mod4=2|3: mod4d =3
0=(0)2 1=(1) 2= (10); 3=(11)

4 = (100), 5=(101), | 6= (110) 7= (111),
8= (1000); | 9= (1001), | 10 = (1010), | 11 = (1011),

An all-NFA M is a 5-tuple (@, %, 9, qo, F') that accepts x € X* if every
possible state that M could be in after reading input z is a state from F'.
Note, in contrast, that an ordinary NFA accepts a string if some state
among these possible states is an accept state. Prove that all-NFAs
recognize the class of regular languages.

In procedure to change NFA to DFA just change step which marks state
as accepting when state of DFA corresponds to states of NFA with at
least one is acccepting to accepting only when all states are accepting.

Now we have DFA accepting the same language as all-NFA M so lan-
guage is regular.

The construction in Theorem 1.54 shows that every GNFA is equiva-
lent to a GNFA with only two states. We can show that an opposite
phenomenon occurs for DFAs. Prove that for every £ > 1, a language
A, € {0,1}* exists that is recognized by a DFA with k states but not
by one with only k — 1 states.

TODO: check solution
Let Ay = {0*10*...0*10* | where it is exactly k — 1 ones}.
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We cannot build DFA with k£ —1 states recognizing Ay because we need
to remember how many ones we have seen so far. We can’t do this with
k — 1 states because we can’t remember how many ones we have seen
so far. (not sure if this is enough to prove it)

1.40 Recall that string = is a prefix of string y if a string z exists where
xz =y, and that x is a proper prefix of y if in addition = # y. In
each of the following parts, we define an operation on a language A.
Show that the class of regular languages is closed under that operation.

e [ = NOPREFIX(A) = {w € A |no proper prefix of w is a member of A}.
Let be DFA M = (Q,%,0,qo, F') recognizes A (as A is regular
language).

We need to construct L which contains strings so that DFA M will
go to accepting state only at the end of processing string. In other
words for all w = wywy ... w, € A, §(¢i_1,w;) = ¢; and ¢; € F
only for i = n.

DFA Myoprerix = (QU qf, 2, dnopPrEFIX, Q05 F)

where dyoprerrx(q,a) = 0(q,a) for g € Q and Snoprerrx(q,a) =
qr for g € F.

e NOEXTEND(A) = {w € A | wis not the proper prefix of any string in A}.
During processing string w DFA M can’t go from accepting state
to another accepting state by any possible way.

DFA Myogxrenp = (Q,%, 9, q, FNoexTEND)

where Fyogxrenp = F — F’

where I is set of states which can be reached from accepting state
by any possible way.

To build F’ lets go from all accepting states and mark all states
which can be reached from them. Then F’ is set of all marked
states. We can stop after Q) steps where () is number of states in
DFA M. Each step we go every a € X from every accepting state
or state reached from previous step.
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1.41 For languages A and B,let the perfect shuffle of A and B be the lan-
guage {w | w = a1by ... apby, wherea, . ..ax € Aandb; ...by € B, eacha;, b; €
Y }. Show that the class of regular languages is closed under perfect
shuffle.
TODO - double check this solution

Let A and B be regular languages. Then there exist DFAs M, and
Mp that accept A and B, respectively. We construct a DFA M that
accepts the perfect shuffle of A and B.

Let My = (Qa,%,04,q04, Fa) and Mp = (Qp, ¥, 05, qon, F'5). Let
Q = Qa xQp, 9 = (goa,qB), and F = F4 x Fg. The transition
function 0 is defined as follows: for each ¢ € @ and a € X, §(q,a) =

(5A(QA7CL)75B(QB,G))'

We claim that L(M) = AoB. Let w = a1b; ... agb, € AoB. Then there
exists a sequence of states rg, 71, ..., such that rq = qq, 7 € F, and
d(ri—1,a;) =mr; fori=1,... k. Let r; = (rja,m5). Then r;4 € Q4 and
ripg € Qp. Since rp, € F', rpp € Fy and ryp € Fg. Thus ay...a, € A
and by ...b, € B. Therefore w € Ao B.

Conversely, let w = ay...agby...bp € Ao B. Then a;...a; € A and
by...b, € B. Let r; = (rja,rip) for i =0,..., k. Then ro = qo, 7. € F,
and §(r;_1,a;) =r; for i = 1,..., k. Therefore w € L(M).

1.42 For languages A and B, let the shuffle of A and B be the language
{w | w=ayb; ...axbg, wherea; ...a; € Aandb, ...b, € B, each a;,b; €
Y*}. Show that the class of regular languages is closed under shuffle.

1.43 Let A be any language. Define DROP-OUT(A) to be the language
containing all strings that can be obtained by removing one symbol
from a string in A. Thus,

DROP-OUT(A) = {zz | xyz € A where z,z € ¥,y € ¥}.
Show that the class of regular languages is closed under the DROP-OUT

operation. Give both a proof by picture and a more formal proof by
construction as in Theorem 1.47.

1.44 Let B and C' be languages over ¥ = {0,1}. Define B L0 = {w €
B | for somey € O, strings w and y contain equal numbers of 1s}. Show

that the class of regular languages is closed under the L operation.

1.45 Let A/B = {w | wx € Afor some x € B}.Show that if A is regular and
B is any language, then A/B is regular.

49



1.46

1.4%

1.49

Prove that the following languages are not regular. You may use the
pumping lemma and the closure of the class of regular languages under
union, intersection, and complement.

o [071™0" | m,n >0}
o {0™1™ | m # n}
e {w | w € 0,1%s not a palindrome}
o {wtw | w,t €0,17}
Let ¥ = {1,#} and let Y = {w | w = z1#xa# ... #ay for k >
0,eachx; € 1%, andx; # z,fori # j}. Prove that Y is not regular
Let ¥ = {0,1} and let D = {w | w contains an equal number of occurrences of the substring

Thus 101 € D because 101 contains a single 01 and a single 10, but
1010 ¢ D because 1010 contains two 10s and one 01. Show that D is a
regular language.

e Let B= {1y |y € {0,1}*and y contains at least k 1s, for k > 1}.
Show that B is a regular language.

e Let C = {1*y |y € {0,1}*and y contains at most k 1s, for k > 1}.
Show that C isn’t a regular language.
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1.50 Read the informal definition of the finite state transducer given in Ex-
ercise 1.24. Prove that no FST can output w’ for every input w if the
input and output alphabets are {0, 1}.

1.51 Let z and y be strings and let L be any language. We say that x and
y are distinguishable by L if some string z exists whereby exactly
one of the strings xz and yz is a member of L; otherwise, for every
string z, we have xz € L whenever yz € L and we say that x and y are
indistinguishable by L.

If x and y are indistinguishable by L, we write x =, y . Show that =,
is an equivalence relation.
1.52 Myhill-Nerode theorem.

Refer to Problem 1.51. Let L be a language and let X be a set of
strings. Say that X is pairwise distinguishable by L if every two
distinct strings in X are distinguishable by L. Define the index of L
to be the maximum number of elements in any set that is pairwise
distinguishable by L. The index of L may befinite or infinite.

(a) Show that if L is recognized by a DF A with k states, L has index
at most k.

(b) Show that if the index of L is a finite number k, it is recognized
by a DF A with k states.

(c) Conclude that L is regular iff it has finite index. Moreover, its

index is the size of the smallest DF A recognizing it.

1.53 Let X ={0,1,+,=} and

ADD = {a = b+c| a,b, c are binary integers, and a is the sum of b and c}.

Show that ADD is not regular.

Let p from pumping lemma be p’. Let construct word from ADD in
form 1071 = 107! 4 1. when we divide word s to z,y, z from pumping
lemma we can get y only without = or + (in other case we get word
with more than one =, 4 sign which isn’t in language ADD).

So we can pum only a or b. But when we change only sum or only one
of factors we get word which isn’t in ADD.

1.54 Consider the language F' = {a'b’c* | i, 5,k > 0 and ifi = 1 then j = k}.
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(a) Show that F' is not regular.

(b) Show that F' acts like a regular language in the pumping lemma.
In other words, give a pumping length p and demonstrate that F
satisfies the three conditions of the pumping lemma for this value
of p.

(c) Explain why parts (a) and (b) do not contradict the pumping
lemma.

1.55 The pumping lemma says that every regular language has a pumping
length p, such that every string in the language can be pumped if it
has length p or more. If p is a pumping length for language A, so is
any length p’ > p. The minimum pumping length for A is the smallest p
that is a pumping length for A. For example, if A = 01*,the minimum
pumping length is 2. The reason is that the string s = 0 is in A and
has length 1 yet s cannot be pumped; but any string in A of length 2
or more contains a 1 and hence can be pumped by dividing it so that
x = 0,y = 1, and z is the rest. For each of the following languages,
give the minimum pumping length and justify your answer.

(a) 0001*
Shortest word in language is 000 but it cannot be pumped. So,
minimum pumping length is 4 as 0001 can be pumped.

(b) 0*1*
Minimum pumping length is 1 as 0 or 1 can be pumped. Any
longer word can be pumped by pumping 0’s or 1’s.

(c) 001U O0*1*
Minimum pumping length is 1 as 0 or 1 can be pumped. Any
longer word can be pumped by pumping 0’s or 1’s. Even word

001 can be pumped by pumping 0’s or 1’s as it belongs also to
second of two languages sums to that language.

(d) 0*1T0*171* U 10*1
Minimum pumping length has to be greater than 2 as 11 cannot be
pumped. Minimum pumping length is 3 as words of form 1071 can
be pumped. Also words from first part of union (with minimum
length of 3) can be pumped by pumping 0’s or 1’s (as 101 belong
also to second part of union but cannot be pumped within only
first part of union).

(e) (01)

Minimum pumping length is 2 as 01 can be pumped.
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1.56

1.57

1.58

1.59

(f)
Minimum pumping length is 1 as € with length 0 cannot be pumped.
(g) 1*01*01*
Minimum pumping length is greater than 2 as 00 can be pumped.
Minimum pumping length is 3 as every word with at least one 1
can be pumped.
(h) 10(11*0)*0
Minimum pumping length has to be greater than 3 as 100 cannot
be pumped. Minimum pumping length is 4 as words of form 10110

can be pumped (which is of length 5 but 4 also satisfies pumping
lemma requirements).

(i) 1011
Minimum pumping length is 5 as 1011 (with length = 4) cannot
be pumped.

()
Minimum pumping length is 1 as any word can be pumped. As-
suming empty string ¢ cannot be pumped as stated in selected

solutions (but not sure from which lemma assumptions it can be
stated).

If Ais a set of natural numbers and k is a natural number greater than 1,
let Bx(A) = {w | w is the representation in base k of some number inA}.
Here, we do not allow leading Os in the representation of a number. For
example, By(3,5) = {11,101} and B3(3,5) = {10,12}. Give an exam-
ple of a set A for which Bs(A) is regular but Bs(A) is not regular.

Prove that your example works.

If A is any language, let A 1 be the set of all first halves of strings in
A so that A%_ = {z | for some y, |z| = |y| and zy € A}.

Show that if A is regular, then so is A;f.

If A is any language, let A1 1 be the set of all strings in A with
their middle thirds removed so that A1 _1 = {zz | for some y, |z| =

3
ly| = |z| and zyz € A}. Show that if Ais regular, then A%_% is not
necessarily regular.

Let M = (Q,%,0,q0, F) be a DFA and let h be a state of M called
its “home”. A synchronizing sequence for M and h is a string s € X*
where 6(q, s) = h for every q € Q.
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(Here we have extended § to strings, so that (g, s) equals the state
where M ends up when M starts at state ¢ and reads input s.)

Say that M is synchronizable if it has a synchronizing sequence for
some state h. Prove that if M is a k-state synchronizable DFA, then it
has a synchronizing sequence of length at most k3.

Can you improve upon this bound?
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1.60 Let ¥ = {a,b}. For each k > 1, let C} be the language consisting of
all strings that contain an a exactly k places from the right-hand end.
Thus O}, = Y*aX*"!. Describe an NFA with k+ 1 states that recognizes
C} in terms of both a state diagram and a formal description.

1.61 Consider the languages C}, defined in Problem 1.60. Prove that for each
k, no DFA can recognize Cj with fewer than 2k states.

1.62 Let ¥ = {a,b}. For each k > 1, let Dy be the language consisting of
all strings that have at least one a among the last k symbols. Thus
Dy, = Y*a(X U €)1, Describe a DFA with at most k + 1 states that
recognizes Dy, in terms of both a state diagram and a formal description.

1.63 (a)

(b)

Let A be an infinite regular language. Prove that A can be split
into two infinite disjoint regular subsets.

Let B and D be two languages. Write B € D if B C D and D
contains infinitely many strings that are not in B. Show that if B
and D are two regular languages where B € D, then we can find
a regular language C where B € C € D.

1.64 Let N be an NFA with k states that recognizes some language A.

(a)

Show that if A is non empty, A contains some string of length at
most k.

Show, by giving an example, that part (a) is not necessarily true
if you replace both A’s by A.

Show that if A is non empty, A contains some string of length at
most 2k.

Show that the bound given in part (c) is nearly tight; that is,
for each k, demonstrate an NFA recognizing a language Aj, where
Ay, is non empty and where A;’s shortest member strings are of
length exponential in k. Come as close to the bound in (c¢) as you
can.

1.65 Prove that for each n > 0, a language B,, exists where

(a)
(b)

B,, is recognizable by an NFA that has n states, and

if B, = A1 U...U A, for regular languages A;, then at least one
of the A; requires a DFA with exponentially many states.

95



1.66

1.67

1.68

1.69

A homomorphism is a function f : ¥ — I'* from one alphabet to
strings over another alphabet. We can extend f to operate on strings
by defining f(w) = f(w)f(ws) ... f(w,), where w = wyws ... w, and
each w; € 3. We further extend f to operate on languages by defining
f(A) ={f(w)| w € A}, for any language A.

(a) Show, by giving a formal construction, that the class of regular
languages is closed under homomorphism. In other words, given
a DFA M that recognizes B and a homomorphism f, construct a
finite automaton M’ that recognizes f(B). Consider the machine
M’ that you constructed. Is it a DFA in every case?

(b) Show, by giving an example, that the class of non-regular lan-
guages is not closed under homomorphism.

Let the rotational closure of language A be RC(A) = {yz| zy € A}.

(a) Show that for any language A, we have RC(A) = RC(RC(A)).
(b) Show that the class of regular languages is closed under rotational

closure.

Every string s in language RC(A) has a form yz where zy is in language
A. If e € Athen A C RC(A). So RC(A) C RC(RC(A)).

Suppose w € RC(RC(A)) and w = yx where zy € RC(A). Then
xy = zt where 2zt € A. So yxr = zt and 2zt € A. Therefore w € RC(A).

In the traditional method for cutting a deck of playing cards, the deck
is arbitrarily split two parts, which are exchanged before reassembling
the deck. In a more complex cut, called Scarne’s cut, the deck is broken
into three parts and the middle part in placed first in the reassembly.
We'll take Scarne’s cut as the inspiration for an operation on languages.
For a language A, let CUT(A) = yxz| zyz € A.

(a) Exhibit a language B for which CUT(B) = CUT(CUT(B)).

(b) Show that the class of regular languages is closed under CUT.
Let Sigma = {0,1}. Let WW, = {ww| w € £* and w is of length k}.

(a) Showthat foreach k, no DFA can recognize WW), with fewer than
2F states.

(b) Describe a much smaller NFA for WW;, the complement of WW.
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1.70 We define the avoids operation for languages A and B to be
A avoids B = {w|w € A and w doesn’t contain any string in B as a substring}.

Prove that the class of regular languages is closed under the avoids
operation.

1.71 Let ¥ = {0,1}.

(a) Let A= {0Fu0*| k > 1 and u € ¥*}. Show that A is regular.
(b) Let B = {0*1u0*| k > 1 and u € ¥*}. Show that B is not regular.

(a) construct NFA accepting A:

from starting state we can go k times to state after accepted k
zeros (otherwise go to unaccepting state from which we cannot
escape). Then we can read any symbol from alphabet staying in
that state, or, if it is zero we can go to k states accepting k zeros.

(b) above construction couldn’t work beacouse we need to remember
first 1 through don’t know how much symbols from w.

1.72 Let M; and M5 be DFAs that have k; and ks states, respectively, and
then let U = L(M;) U L(Ms).

(a) Show that if U # (), then U contains some string s, where |s| <
max(ky, ks).

(b) Show that if U = ¥*, then U excludes some string s, where |s| <
k1 ks.

(a) Let M; be a DFA defined as follows: M; = (Q,%,6,qs, F') and
string s € L(M;).
There is a path (¢s,q1, 2, - .., q) from g, to g5 in M; of length
|s| where g5 € F. It represents states in DFA during accepting s.
It is of length ky + 1.

If |s| < ky the proof is done.

If |s| > ky then there are two states ¢; and ¢; such that ¢ < j and
¢i = ¢;. It means that there is a loop in DFA and we can skip it.
So we can find shorter path from ¢, to ¢y and so we can choose s’
such that |s'| < k.

1.73 Let ¥ = {0,1,#}. Let C = {a#aR#z| z € {0,1}*}. Show that C is a
CFL.
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